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Abstract 
The paper considers dynamic problem of coupled thermoelasticity for a rectangular plate. The problem approximately models the 
technological process of high intensity deformation of structural materials. The solution of the problem is derived as a series of 
Laguerre polynomials, which coefficients are determined based on the obtained recurrent dependences. The numerical analysis is 
held for a dynamic stress-strain state of the rectangular plate made of aluminum alloy 2024-T3. 
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1.  Introduction 
Determination of the dynamic properties of materials, especially those related to their strength and ability to retain 
the shape, is a vital problem for modern engineering studies, especially those in aircraft industry and airspace 
engineering (Meyers, 1994). Most of the materials used in modern structural elements are characterized by their 
sensitivity to the strain rate, namely its dependence on the yield strength of the material. Regarding this behavior, the 
processes with essential strain rates due to different technological peculiarities, or other internal and external factors 
can show different phenomena, which are not described within the framework of a classical paradigm of strength of 
materials (Chausov and Pylypenko, 2005). The internal factors that may cause the change in the strain rate first of all 
include mutual transformation of mechanical energy and heat, which occurs at high-speed deformation. 
Consideration of the interaction of thermal field and strain field leads to the formulation of the coupled dynamic 
problem of thermoelasticity, which solution is difficult to obtain based on the traditional mathematical formulations 
of transient elastodynamics. 
Therefore, this paper is focused on the development of the approach for the obtaining of the exact solution of the 
considered initial-boundary value problem using the authors’ method of Laguerre polynomials. 
2.  Problem formulation 
Consider a rectangular plate of size 2 2h l× . Since time moment 0t =  the plate is loaded with the normal traction
( )p t , which is applied at its rigidly fixed edges 1x l= ± . Boundary surfaces 1y h= ±  remain traction free during the 
entire deformation process. Due to the high-intensity deformation the material of the plate undergoes mutual 
transformation of mechanical energy and heat, which leads to its non-stationary heating. During the heating the 
surfaces of the plate dissipate heat due to the convective heat transfer (Newton’s law of cooling) with the 
environment, which temperature is equal to the initial temperature of the plate. According to Achenbach (1968), the 
determinative equations of this model are as follows 
( ) grad divu u grad T uλ μ μ γ ρ+ + Δ = +G G G ; (1)
1T T a T divuκ η−Δ − − = G , (2) 
where 1 1( , , )u x y t
G  is an elastic displacement vector; 1 1( , , )T x y t  is a temperature field; λ  and μ  are elastic 
constants; ( )3 2 Tγ λ μ α= + ; Tα  is a coefficient of linear thermal expansion; ρ  is density; κ  is a heat transfer 
coefficient; a  is thermal diffusivity; / Tη γ λ= , Tλ  is a thermal conduction coefficient. 
According to Hutsaylyuk et al. (2012), the neglecting of variation of the stress-strain state of the plate along its 
width leads to insignificant error in the results, which is less than 10 %. This assumption significantly simplifies the 
derivation of the solution of the problem. Thus, one can introduce the dimensionless variables 1 /x x l= , 1 /c t lτ = , 
2Bi l κ= , 1/l cη η= , ( )3 1/ , / ( )b l c a lγ γ λ μ= = + , and the volumetric expansion divuθ = G , where 1c  is a phase 
velocity of longitudinal waves in plate’s material. Due to the assumptions made, using the abovementioned notations 
Eq. (1) is transformed into the following system of differential equations 
2 2 2
2 2 2
T
x x
θ θγ
τ
∂ ∂ ∂
= +
∂ ∂ ∂
 ; (3) 
2
2
T TBiT b
x
θη
τ τ
∂ ∂ ∂
− = +
∂ ∂∂
 . (4)
The system of equations (3), (4) should be accompanied with the initial conditions, which without loss in 
generality can be assumed zero ones 
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( ,0) ( ,0) 0x xθ θ= = ; ( ,0) 0T x = , (5)
and the boundary conditions at 1x = ±  
( )2 ( 1, ) ( ), ( 1, ) 0p Tλ μ θ τ τ τ+ ± = ± = . (6)
The second boundary condition is artificial; however, it is convenient for solution derivation. It is shown by the 
experiments that the change in temperature of the plate under the dynamic loading is insignificant; thus, the 
influence of the boundary condition on it can be neglected. 
3.  Derivation of the solution of the problem 
The functions ( , )xθ τ  and ( , )T x τ  can be expanded into the following series of Laguerre polynomials 
0
( , ) ( ) ( )n n
n
x x Lθ τ θ τ
∞
=
=¦ ;
0
( , ) ( ) ( )n n
n
T x T x Lτ τ
∞
=
=¦ , (7) 
where 
0
( ) exp( ) ( , ) ( )n nx x L dθ τ θ τ τ τ
∞
= −³ ,
0
( ) exp( ) ( , ) ( ) , 0,1, 2,n nT x T x L d nτ τ τ τ
∞
= − =³ ! (8)
Thus, Eq. (8) can be considered as the Laguerre integral transform of the functions ( , )xθ τ  and ( , )T x τ , and Eq. 
(7) gives there inverses (Turchin, 2012; Hutsaylyuk et al., 2013). 
Then Eq. (2) can be multiplied by the transformation kernel exp( ) ( )nLτ τ− , and the integration can be further 
performed in a range [0; )+∞ . Accounting for the differentiation rules (Abramowitz and Stegun, 1964)  
[ ]
0
exp( ) ( ) exp( ) ( )
n
n k
k
d L Lτ τ τ τ τ
=
− = − − ¦ ; [ ] ( )2
0
exp( ) ( ) exp( ) 1 ( )
n
n k
k
d L n k Lττ τ τ τ τ
=
− = − − − +¦
and zero initial conditions (3) one can obtain the following sequences of the systems of differential equations 
( )
2 2
2 2
0
2
2
0 0
1 ;
.
n
n n
k
k
n n
n
n k k
k k
T n k
x x
T
BiT b T
x
θ γ θ
η θ
=
= =
­∂ ∂
= + − +° ∂ ∂°
®∂°
− = +° ∂¯
¦
¦ ¦


(9)
Applying to the equations (7) the finite Fourier integral transform (Sneddon, 1951) for a variable x , and 
accounting for boundary conditions (4) one can obtain the following sequences of linear algebraic equations 
( ) ( )12 2, , ,
0
2
, , , ,
0 0
2
1 1 ;
2
.
n
m m
m m n n m m n m k
k
n n
m m n m n m k m k
k k
p T n k
T BiT b T
ξξ θ ξ γ θλ μ
ξ η θ
+
=
= =
­
− = − − + − +° +°
®
°
− − = +°¯
¦
¦ ¦


(10)
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Here 
0
exp( ) ( ) ( )n np p L dτ τ τ τ
∞
= −³  are the Laguerre transforms; 
1
,
, 1 0
( , )
cos( ) exp( ) ( )
( , )
m n
m n
m n
x
x L d dx
T T x
θ θ τξ τ τ τ
τ
∞
−
ª ª
= −« «
¬¬
³ ³  are 
the Laguerre–Fourier transforms; ( )2 1 / 2m mξ π= + . 
The sequences given by Eq. (10) have a triangular structure regarding to the index n . And for 0n =  the system 
(10) can be written as, 
( ) ( )
( )
12 2
,0 0 ,0
2
,0 ,0
2
1 1 ;
2
,
m m
m m m m
m m m
p T
Bi b T
ξξ θ ξ γλ μ
ξ ηθ
+­
− + = − −° +®
°
− + + =¯


(11) 
and its solution is as follows 
( )
( )( )
1
0
,0 2 2 2
21
2
1
m m
m
m m m
p
T
Bi b
ξ ηλ μ
ξ ξ ξ γη
+
−
+
=
+ + + +

 
,   (12) 
( ) ( )
( )( )
2
0
,0 2 2 2
21
2
1
m m
m
m
m m m
p Bi b
Bi b
ξ ξλ μθ ξ ξ ξ γη
− + +
+
=
+ + + +  
.  (13) 
For 1n =  the system (10) can be rewritten as 
( ) ( )
( )
12 2
,1 ,1 1 ,0
2
,1 ,1 ,0 ,0
2
1 1 ;
2
,
m m
m m m m m
m m m m m
T p
Bi b T bT
ξξ θ ξ γ θλ μ
ηθ ξ ηθ
+­
− + + = − +° +®
°
− − + + = +¯

 
 (14) 
where the quantities ,0mθ  and ,0mT  in the right-hand side are already determined through equations (12), (13). 
Therefore, the solution of the system (14) is as follows, 
( ) ( )
( )( )
1 2 2
1 ,0 ,0
,1 2 2 2
21 1
2
1
m m
m m m m
m
m m m
p bT
T
Bi b
ξ η ξ ηθ ξλ μ
ξ ξ ξ γη
+
− − − +
+
=
+ + + +


 
; (15) 
( ) ( ) ( )
( )( )
12 2
,0 ,0 1 ,0
,1 2 2 2
21
2
1
m m
m m m m m
m
m m m
bT Bi b p
Bi b
ξηθ ξ γ ξ θλ μθ ξ ξ ξ γη
+§ ·
+ + + + − +¨ ¸+© ¹
= −
+ + + +
 
 
. (16)
The same procedure can be extended to the arbitrary value of n ,  thus, the system (10) can be reduced to  
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( ) ( ) ( )
( )
1
12 2
, , ,
0
1 1
2
, , , ,
0 0
2
1 1 1 ;
2
,
n
m m
m m n m m n n m k
k
n n
m m n m n m k m k
k k
T p n k
Bi b T b T
ξξ γ ξ θ θλ μ
ξ ηθ η θ
−
+
=
− −
= =
­
− + = − + − +° +°
®
° + + + = − −°¯
¦
¦ ¦

 
(17)
with ( )1
0
0
k
−
=
≡¦ < , and its solution can be presented as follows, 
( ) ( ) ( )
( )( )
1 1 1
1 2
, , ,
0 0 0
, 2 2 2
21 1 1
2
1
n n n
m m
n m k m k m k m
k k k
m n
m m m
p n k b T
T
Bi b
ξ θ η η θ ξλ μ
ξ ξ ξ γη
− − −
+
= = =
§ · § ·
− + − + − + +¨ ¸ ¨ ¸+ © ¹© ¹
=
+ + + +
¦ ¦ ¦ 
 
; (18) 
( ) ( ) ( )
( )( )
1 1 1
12 2
, , ,
0 0 0
, 2 2 2
21 1
2
1
n n n
m m
m k m k m m n m k
k k k
m n
m m m
b T Bi b p n k
Bi b
ξη θ ξ γ ξ θλ μθ ξ ξ ξ γη
− − −
+
= = =
§ ·§ ·
+ + + + − + − +¨ ¸¨ ¸ +© ¹ © ¹
= −
+ + + +
¦ ¦ ¦ 
 
. (19) 
With the known factors ,m nT  and ,m nθ  the temperature field and the volumetric expansion at the arbitrary point 
of the plate can be calculated using the following series 
,
, 0
2( , ) cos( ) ( )m n m n
m n
T x T x Lτ ξ τ
π
∞
=
= ¦ ,      ,
, 0
2( , ) cos( ) ( )m n m n
m n
x x Lθ τ θ ξ τ
π
∞
=
= ¦ (20)
4.  Numerical analysis 
Equations (11) are used for determination of the temperature field and the stress state of the plate made of 
aluminum alloy 2024-Ɍ3. In the numerical calculations the following load-time dependence is used
2
0( ) (1 exp( ))p pτ τ τ
∗
= − − , where the 0τ  parameter defines the loading rate. This dependence allows agreeing initial 
and boundary conditions, and in many cases accurately describes the real time-dependence of the dynamic load. 
The following shows the results of calculation of the dimensionless stress ( )2 /x pσ λ μ θ ∗= +  at the point 
0.5x =  for 1Bi =  for different values of the loading rate in the initial moment of time (Fig. 1) and somewhat later 
(Fig. 2) 
         
Fig. 1                                                                  Fig. 2 
One can see in Figs. 1–2 that the magnitude and the character of the oscillations change in time that can be 
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explained by the transformation of mechanical energy into heat and its further dissipation due to the heat exchange 
with the environment. The magnitude of oscillations decrease twice during the time, which is approximately ten 
thousand times greater than the time that takes the wave to pass the distance equal to the length of the plate. 
In view of this, it is interesting to study the process of change in strain rate, the results of which are presented for 
different intensities of heat transfer in Fig. 3, and for different loading rates – in Fig. 4. 
   
Fig. 3                                                                      Fig 4. 
Presented results show that the increase in the heat transfer intensity or decrease in the loading intensity cause 
the decrease in the time interval of the strain rate change, and the decrease in the loading rate significantly influence 
the maximal values of the strain rate. 
Conclusion 
The obtained solution of the dynamic problem of generalized coupled thermoelasticity for a rectangular plate 
allows observing the phenomenon of deceleration of the strain rate due to the transformation of the mechanical 
energy into heat. The period of deceleration is higher by several orders than the time inherent to the dynamic 
interactions. This fact along with the known dependence of the yield strength on the strain rate can become the 
foundation of the theoretical study of the experimentally observed phenomenon of non-classic behavior of materials 
under the limit high-speed loadings. 
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